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The inviscid modes of instability in flow over a slightly concave 
wall are studied and it is shown that if UdU/dq > 0, where U(q) 
is the unperturbed velocity distribution, then oscillatory solutions 
do not occur. For a velocity distribution in the form of two straight 
lines the problem can be solved exactly, and detailed results are 
given for the first two convective modes of instability. If the fluid 
is considered to be a perfect electrical conductor, then this flow can 
be completely stabilized by a transverse magnetic field of magnitude 
$P/4np = 0.5752 U,*(6/R), the numerical coefficient here being 
not too sensitive to the form chosen for the mean velocity distribution. 
I. INTRODUCTION 
The problem of the stability of viscous flow over a slightly concave 
wall was first studied by Gortler [l] in an approsimation which neglects 
the effect of curvature on the steady boundary layer flow past the wall. 
More precisely, it is assumed that S, the boundary layer thickness, is 
very small compared to R, the radius of curvature of the wall. The effect 
of curvature then enters the problem only through the Gijrtler number 
/l = 2(U, S/,V)~(S/R), where U, is the free stream velocity. It is further 
assumed that the effect of boundary layer growth can be neglected and, 
hence, that the steady velocity distribution c(y) is independent of x, 
the coordinate along the wall in the direction of the flow. The problem 
is thus closely related to the “narrow gap” Couette problem in which 
only the inner cylinder rotates. 
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By considering a perturbation of the steady boundary layer flow of 
the form 
exp (fit + z&z), (1) 
Gijrtler showed that the linearized equations for the disturbance velocities 
could be written in the non-dimensional form 
and 
(D2 - as) (D2 - a2 - g //F)v = - azpuu, (3) 
where 
(4 
7 = Y/d and a = a6. 
The viscous boundary condition at the wall requires that 
(5) 
u=v==Dv=O at q=o (6) 
and we must further require that the solution remain bounded as 11 -+ CO. 
The eigenvalue problem defined by these equations will lead to a 
secular equation of the form 
F(a, p, a) = 0 (7) 
and the condition for neutral stability is that Re (a) = 0. This condi- 
tion then leads to a relation between a and p and we are interested in 
the minimum value of ,u obtained from this relation, together with the 
corresponding values of a and Im (cr), for it determines the conditions 
under which instability will first occur. 
In his treatment of the problem, Gortler assumed the “principle of 
exchange of stabilities” to hold and set o E 0. A recent inviscid analysis 
of the related Couette problem [2] suggests, however, that this principle 
is not valid when the cylinders rotate in opposite directions and it would 
seem worthwhile, therefore, to study the present problem from a similar 
point of view. Another aspect of the problem to which the present analysis 
may be able to contribute concerns the behavior of ,U for small values 
of a, In Gijrtler’s work it was found that a2,u --f constant as a ---t 0 and 
that the minimum value of ,U occurs at a positive value of a. This conclu- 
sion was also reached by many other writers including Meksyn [3], 
DiPrima [4], and Smith [5]. The more recent work of Hlmmerlin [6], 
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however, suggests instead that 1” + constant as a ---f 0 and that the 
minimum value of ,LL occurs at a = 0. To decide between these two 
alternatives is a rather delicate matter since the behavior of ,u for small 
values of a depends critically on the behavior of the solution for large 
values of 77. 
Consider then the formal limit ,U + co in Eqs. (2) and (3) which 
corresponds to v -+ 0. \Ve then obtain the second-order equation 
(Da - a2)v = - a2 iUU’v, (8) 
where we have let A = 1/02. For this equation we can require only that 
u = 0 at q = 0 and that the solution remain bounded as q + 00. The 
solutions of this equation, being of lower order than the full equations, 
cannot be a good approximation to the solutions of the full equations in 
two regions : near the wall, where a viscous boundary condition has 
been replaced by a nonviscous one, and far from the wall, where the 
asymptotic behavior of the solutions of Eq. (8) differ from those of 
Eqs. (2) and (3). 
If UU’ > 0, then the eigenvalues of Eq. (8) are all positive with a 
limit point at + 00 and correspond to convective modes of instability. 
For velocity distributions which satisfy this condition, one would expect 
the principle of exchange of stabilities to be valid for the full viscous 
problem. If UU’ changes sign, however, then there will be two sets of 
eigenvalues with limit points at + co and - 00 which correspond to 
convective and oscillatory modes of instability respectively, and one 
would not expect the principle of exchange of stabilities to be valid in 
such cases. This latter situation can occur, for example, if there is reverse 
flow in the boundary layer. 
To obtain any more detailed results from Eq. (S), it is necessary to 
specify the form of U explicitly, and in the following section we consider 
one particularly simple form of tr for which an exact solution is possible. 
II. THE EXACT SOLUTION FOR A STRAIGHT LINE I~ELOCITY DISTRIBUTION 
The simplest approximation to a boundary layer type velocity 
distribution is the straight line profile 
This form for U has been widely used in previous work on this problem 
and leads to results which are not dissimilar from those based on more 
realistic velocity distributions. The use of the profile (9) in the present 
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inviscid analysis makes possible an exact solution of Eq. (8), as was first 
noticed by D’Arcy [7]. The solution given by D’Arcy was expressed in 
terms of the modified Hankel functions of order one-third 18;. Both 
the analysis and computations can be considerably simplified, however, 
by using the Airy functions tabulated by Miller [9: and Smirnov [IO?. 
For the velocity distribution (9), Eq. (8) reduces to 
for 
(D2 - a2)v = 
i 
- a2 hp O<q<l, (104 
0 for l<q<cu. (lob) 
On the interval 0 < 7 < 1, the substitution 
x = (u2/Ry (1 - nq) 
transforms Eq. (lOa) into Airy’s equation 
v” = xv. (12) 
The solution of this equation which vanishes at 7 = 0 can be written 
in the form 
’ = ” 
Ai Bi(x) __- 
Ai Wxo) 1 (0<9< 11, 
where o. is a constant, x0 = (a /2 ) a 2 n3 is the value of x corresponding to 
q= 0, and A ( ) i x and Bi(x) are the Airy functions tabulated by Miller. 
On the interval 1 < 7 < ou, the solution of Eq, (lob) which is bounded 
as q ---, 00 can be written in the form 
v = v1 eeaq 
where vr is a second constant. 
(1 < 7 -==L 4, (14) 
We must now require that v and its first derivative are continuous at 
11 = 1. The first of th ese conditions leads to a relation between the two 
constants of integration of the form 
I 
, 
where x1 = (a2/A2)1’3 (1 -- 1) is the value of x corresponding to 9 = 1. 
On solving for a and ;1 in terms of x0 and x1, we obtain the parametric 
representation 
a = (x0 - x,)Vx, and A = (x0 - x,)/x0. W-4 
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The condition that &j/d7 is continuous at ‘1 = 1 then leads to the char- 
acteristic equation 
Ai’ Bi’(x,) Wl) BW ---= 
-%J 
x l/2 
Bi(x,) ’ Ai(x, Wxo) I 
(17) 
Thus, once the dependence of x1 on x0, say, is determined from this equa- 
tion, the dependence of 1 on a follows immediately from Eqs. (16). 
For large values of x0, the roots of Eq. (17) have the asymptotic 
behavior 
wherea,(n=1,2,...) are the zeros of hi(x). A more useful approxima- 
tion to the roots of Eq. (17), adequate for x0 greater than about 2, can be 
obtained by dropping only exponentially small terms with the result 
For small positive values of x0, however, we have the cusped 
behavior 
Xl - x,(O) = &vz. + 0(X0)? 
1 
where x,(O) is a root of Eq. (17) with x0 -= 0. 
Since a must be real, we must have x0 > 0. By using the tables given 
by Miller [9], the complete (xU, x,)-relationship can easily be obtained 
and it is shown in Figs. 1 and 2 for the first and second modes respect- 
ively. We can then obtain the dependence of 0 = i l/vx on a from 
Eqs. (16) and these results are shown in Fig. 3. The present results for 
ur are in close agreement with those obtained by D’Arcy. It is interesting 
to note that although the (x0, x,)-relationship obtained here differs 
markedly from the corresponding relationship for the Couette problem, 
nevertheless the dependence of 2 on a is essentially the same for both 
problems. Furthermore, since I is always positive, it is clear that no 
oscillatory modes can be present and we thus confirm the validity of the 
principle of exchange of stabilities for the particular velocity distribu- 
tion (9). 
From the present inviscid analysis it is not possible to determine the 
critical value of the wave number; this value must be obtained from the 
full viscous analysis, According to Hammerlin [6], ,U attains its minimum 
value at a = 0 and it is of interest, therefore, to obtain the eigenfunctions 
corresponding to this particular \-alue of ct. 
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FIG. 1. The solution of I’q. (17). First mode. 
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FIG. 2. The solution of Eq. (17). Second mode. 
The limiting form of the solution as L(: -+ 0 can, of course, be obtained 
from the preceding analysis. It is somewhat simpler, however, for this 
purpose to use the Airy functions tabulated by Smirnov [IO]. Thus, 
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for a = 0, II = constant for 1 < ‘1 < 00, and if this constant is chosen 
to be unity, then the solution which vanishes at ~1 = 0 is given by 
FIG. 3. The eigenvalues 2: IJ% for the first and second modes. 
(21) 




.1 =- lim u% i (22) 
(1 r (I 
and U, is the function tabulated by Smirno\-. ‘1‘11~ \xlue of .1 can then 
be obtained from 
u,‘(/jw, 1) z 0. (23) 
The first two eigenfunctions determined in this manner are shown in 
Fig. 4. 
Similar calculations of the eigenfunctions and associated cell patterns 
have also been made by D’Arcy for a = 2.0, 8.1, 14.0, and 19.5 for the 
first mode and for a =- 23.0 for the second mode. 
III. THE STABILIZING EFFECT OF .I TKANSVEKSE XI.-\GXETIC FIELD 
If the fluid is now considered to be a perfect electrical conductor and 
we impose a transverse magnetic field of constant magnitude H, then 
Eq. (8) must be modified to read 
with the same boundary conditions as before. Thus, if 2 is a solution of 
Eq. (8), then the solution of this equation can be written in the form 
(25) 
The minimum field strength required to completely stabilize the flow is 
determined therefore by the minimum value of a2L. 
For the straight line velocity distribution (9), the minimum value 
of a21 occurs for the first mode at a = 0, the limiting value being 
‘1 = 3.4766. Thus we have 
(26) 
It is also of some interest to inquire how sensitive the numerical 
coefficient appearing in Eq. (26) is to the assumed form of the mean 
velocity distribution. For this purpose consider the more general velocity 
distributions 
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If, for example, we let m = + so that the resulting velocity profile 
bears some resemblance to the velocity distribution found in a boundary 
layer with a favorable pressure gradient, then we would expect the flow 
to be less unstable. For this value of m, Eq. (8) can be easily solved in 
terms of elementary functions and it is found that the minimum value 
of a2ii again occurs for the first mode at a = 0 and that A = $7~~. 
Thus, the coefficient in Eq. (26) is reduced to 0.4053. 
To illustrate the effect of an adverse pressure gradient we can consider 
the value m = %. In this case, Eq. (8) is not easily integrable for arbitrary 
values of a.. If, however, we assume that the minimum value of a211 
occurs for the first mode at a = 0, then, from Smirnov’s tables, we find 
that -4 = 2.9879. The coefficient in Eq. (26) is thus increased to 0.6694. 
Thus, the field strength required to completely stabilize the flow is 
not too sensitive to the form of the mean velocity distribution. It may 
be further noted that the field required to stabilize this flow is larger, 
by a factor of about 5, than that required to stabilize C’ouette flow [ll]. 
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